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This document gives information about the various commands that are either needed or helpful 
in the creation of full Camera-Ready books using the book-specific class file cr ckbked . cls. 



Introduction 

The crckbked. cls class file is meant for the submission of camera-ready 
copies of books which are edited volumes rather than monographs. 



The main input file 

The overall structure of the main input file is the same as for the kluwer . cls 
file, an is demonstrated in Figure 1 of the User Manual. 
There is a "frontmatter" environment available, and this can be used to typeset 
the frontmatter of the issue. 

Extra commands 
Dates 

Other than some class files, the commands \date, \received, \accepted 
and \revised do not generate output. 

Running headlines 

crckapb . cls with the nato option does not generate running heads either. 
For the other document style options (\editedvolume and \proceedings) 
please make sure that they are available, correct, and fit into the horizontal 
space. 
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Commands for adjustments 

Page numbers 

The two 'opening' commands \f irstpage and \lastpage can be used to 
adjust the page numbering if needed. 

Bibliographic lists 

If two articles use conflicting options for the references (e.g. All articles 
use 'namedreferences' except one), the commands \numref erences and 
Xnamedref erences can be used to switch styles 'on the fly'. 



Fonts for camera ready production 

Check with your editor which font should be used: for using Times rather 
than the default (Computer Modern), add a line \usepackage{klups} to 
the preamble. This also adds support for the appropriate math fonts. 
The klups package tries to guess what font support is available on your system 
and make the best possible use of it. However, it does not always get it right. 
In that case you can try, going from best to worst: 

\usepackage [mtbold] {mathtime} 
\usepackage{matht ime} 
\usepackage{mathptin} 
\usepackage{t imes > 
\renewcoinmaiid{\rmdef ault}{ptni]- 
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Abstract. 

We present a short review of adelic quantum mechanics pointing out its non- Archimedean 
and noncommutative aspects. In particular, p-adic path integral and adelic quantum 
cosmology are considered. Some similarities between p-adic analysis and q-analysis are 
noted. The p-adic Moyal product is introduced. 



1. Introduction 



There is now a common belief that the usual picture of spacetime as a 
smooth pseudo-Riemannian manifold should breakdown somehow at the 
Planck length Ip ~ lO^^^cm, due to the quantum gravity effects. We con- 
sider here two possibilities, which come from modern mathematics and 
mathematical physics: non-Archimedean geometry related to p-adic num- 
bers, and noncommutative geometry with space coordinates given by non- 
commuting operators 

[x\x^]=ihe'^ (1) 
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or by q-deformation x^x^ = qx^x^. Some noncommutativity of configuration 
space should not be a surprise in physics since quantum phase space with 
the canonical commutation relation (9) is the well-known example of non- 
commutative geometry. We will mostly review our recent results concerning 
adclic quantum mechanics. Wc illustrate some features of adelic quantum 
mechanics by its application in quantum cosmology. A few remarkable 
similarities between non-Archimedean and noncommutative structures are 
noted. The usual Moyal product is extended to p-adic and adelic quantum 
mechanics. 

Since 1987, there have been many interesting applications of p-adic 
numbers and non-Archimedean geometry in various parts of modern the- 
oretical and mathematical physics (for a review, see [1, 2, 3]). However 
we restrict ourselves here to p-adic and adelic quantum mechanics as well 
as to some related topics. In particular, we review Feynman's p-adic path 
integral method. A fundamental role of integral approach to p-adic and 
adelic quantum mechanics (and adelic quantum cosmology) is emphasized. 
The obtained p-adic probability amplitude for one-dimensional systems 
with quadratic Lagrangians has the form as that one in ordinary quantum 
mechanics. 

It is well known that measurements give rational numbers Q, whereas 
theoretical models traditionally use real R and complex C number fields. 
A completion of Q with respect to the p-adic norms gives the fields of p- 
adic numbers Qp {p is a prime number) in the same way as completion 
with absolute value yields M. The paper of Volovich [4] initiated a series of 
articles on p-adic string theory and many other branches of theoretical and 
mathematical physics. The metric introduced by p-adic norm is the non- 
Archimedean (ultrametric) one. Possible existence of such space around 
the Planck length is the main motivation to study p-adic quantum models. 
However, p-adic analysis also plays a role in some areas of "macroscopic 
physics" as, for example: spin glasses, quasicrystals and some other complex 
systems. 

In order to investigate possible p-adic quantum phenomena it is neces- 
sary to have the corresponding theoretical formalism. An important step 
in this direction is a formulation of p-adic quantum mechanics [5, 6]. Be- 
cause of total disconnectedness of p-adic spaces and different valuations of 
variables and wave functions, the quantization is performed by the Weyl 
procedure. A unitary representation of the evolution operator Up{t) on the 
Hilbert space C2{Q.p) of complex- valued functions of a p-adic argument 
is an appropriate way to describe quantum dynamics of p-adic systems. 
Recently formulated adelic quantum mechanics [7] successfully unifies or- 
dinary and all p-adic quantum mechanics. The appearance of space-time 
discreteness in adelic formalism (see, e.g. [8]) is an encouragement for the 
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further investigations. 

This paper is organized as follows. We start with a short introduc- 
tion to p-adic numbers, adeles and their functions. After that, p-adic and 
adelic quantum mechanics based on the Weyl quantization and Feynman's 
path integral are presented. In Section 4 we review our previuos results 
concerning one-dimensional p-adic propagator. In Section 5 we will see 
how adelic quantum mechanics can be useful in investigation of the very 
early universe, where in a natural way space-time discreteness emerges in 
minisuperspace models of adelic quantum cosmology. In the last Section 
we give some of interesting relations between non-Archimedean and non- 
commutative analyses. We also define and discuss the corresponding p-adic 
Moyal product. 

2. p-Adic numbers and adeles 

Any X EQp can be presented in the form [9] 

X = p^ixo + xip + X2P^ H ) , 1/ G Z, (2) 

where Xi = 0, 1, • • • ,p — 1 are digits. p-Adic norm of any term Xip'^'^^ in 
the canonical expansion (2) is | Xip^^^ \.p= and the strong triangle 

inequality holds, i.e. \ a + b \p< max{| a |p, | 6 \p}. It follows that | x \p= p~^ 
if xq ^ 0. There is no natural ordering on Qp. However one can introduce 
a linear order on Qp by the following definition: x < y \i \ x \p<\ y \p 
or when | x \p=\ y \p there exists such index m > that digits satisfy 

XQ = yo, Xl=yi,--- , Xm-l = ym-l , Xm < Vm- 

Derivatives of p-adic valued functions : Qp ^ Qp are defined as in 
the real case, but with respect to the p-adic norm. There is no integral 
/ ip{x)dx in a sense of the Lebesgue measure [2], but one can introduce 
£ip{x)dx = $(6) - $(a) as a functional of analytic functions ip{x), where 
^{x) is an antiderivative of ip{x). In the case of map / : Qp — > C there is 
well-defined Haar measure. We use here the Gauss integral 

_i 52 

Xviax'^ + bx)dx = Xy{a) \ 2a \v ^ Xvi - ^) , 07^0, (3) 

where index v denotes real {v = 00) and p-adic cases, i.e. v = 00, 2, 3, 5, • • •. 
Xv is an additive character: Xoo{x) = exp(— 27rzx), Xp{x) = exp(27rz{x}p), 
where {x}p is the fractional part of x G Qp. Xvia) is the complex-valued 
arithmetic function [2]. 

An adele [10] is an infinite sequence a = (aoo, 0,2, ■■■)■, where G 

R = Qoo, Op G Qp with a restriction that ap G Zp for all but a finite set 
S of primes p. The set of all adeles A may be regarded as a subset of 
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direct topological product Qco x ripQp whose elements satisfy the above 
restriction, i.e. 

A = UsA{S), A{S)=RxY[QpxY[Zp. (4) 

pes p<^s 

A is a topological space, and can be considered as a ring with respect to 
the componentwise addition and multiplication. An elementary function on 
adelic ring A is 

V{x) = (/^ooCa^oo) JJ ^p{Xp) = JJ iPv{Xv) (5) 
p V 

with the main restriction that (f{x) must satisfy ipp{xp) = 0,{\xp\p) for all 
but a finite number of p, where 

"(I - w = { i: m1.> f- w 

is a characteristic function on the set of p-adic integers Zp = {x & Qp : 
\x\p < 1}. It should be noted that the Fourier transform of the characteristic 
function (vacuum state) r2(|.Tp|) is Q{\kp\). 

All finite linear combinations of elementary functions (5) make the set 
P(A) of the Schwartz-Bruhat functions. The Fourier transform of ip{x) G 
V{A) (that maps V{A) onto V{A)) is 

'f{y)= / V>{x)x{xy)dx = / ipoo{x)Xoo{xy)dxY[ / V>p{x)xp{xy)dx, (7) 

J A JK p jQp 

where dx = dxoodx2 ■ ■ ■ dxp ... is the Haar measure on A. The Hilbert space 
L2(A) is a space of complex- valued functions ipi{x),ip2{x), ■ ■ with the 
scalar product and norm 

i^Pi, ^2) =[ Mx)Mx)dx, M\ = {^p,^)^/^ <OG. (8) 

J A 

A basis of the above space may be given by the orthonormal eigenfunctions 
of an evolution operator [7]. 

3. Adelic quantum mechanics 

In foundations of standard quantum mechanics (over R) one usually starts 
with a representation of the canonical commutation relation 



[q, k] = ih, 



(9) 
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where g is a coordinate and k is the corresponding momentum. It is well 
known that the procedure of quantization is not unique. In formulation 
of p-adic quantum mechanics [5, 6] the multiplication qip xip has no 
meaning for a; € Qp and ^(x) S C. Also, there is no possibility to define 
p-adic "momentum" or " Hamiltonian" operator. In the real case they are 
infinitesimal generators of space and time translations, but, since Qp is 
disconnected field, these infinitesimal transformations become meaningless. 
However, finite transformations remain meaningful and the correspond- 
ing Weyl and evolution operators are p-adically well defined. For the one 
dimensional systems which classical evolution can be described by 

.=T,., (!<»)), ,10) 

where g(0) and fc(0), are initial position and momentum, respectively, and 
Ti is a matrix. Canonical commutation relation in ^adic case can be rep- 
resented by the Weyl operators {h = 1) 

Qp{Q)ll)p{x) = Xp{oLx)ipp{x) (11) 

kp{l3)i:{x)=^l,p{x + l3). (12) 
Now, to the relation (9) in the real case, corresponds 

Qp{a)kp{l3) = Xp{o^mp{P)Qp{<^) (13) 
in the p-adic one. It is possible to introduce the family of unitary operators 

Wp{z) = Xp{-\<lk)kp{(3)Qp{a), z e Qp x Qp, (14) 

that is a unitary representation of the Heisenberg-Weyl group. Recall that 
this group consists of the elements {z, a) with the group product 

{z, a) ■ {z', a') = {z + z',a + a' + ^B{z, z')), (15) 

where B{z, z') = —kq' + qk' is a skew-symmetric bilinear form on the phase 
space. 

Dynamics of a p-adic quantum model is described by a unitary opera- 
tor of evolution U{t) without using the Hamiltonian. Instead of that, the 
evolution operator has been formulated in terms of its kernel Kt{x, y) 

Up{t)i^{x)= I Kt{x,y)i:{y)dy. (16) 

The next section will be devoted to the path integral formulation and 
calculation of the quantum propagator Kt{x,y) on p-adic spaces. 
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In this way [5] p-adic quantum mechanics is given by a triple 

{L2{Qp),Wp{zp),Up{tp)). (17) 

Keeping in mind that standard quantum mechanics can be also given as 
the corresponding triple, ordinary and p-adic quantum mechanics can be 
unified in the form of adelic quantum mechanics [7] 

{L2{A),W{z),U{t)). (18) 

L2(A) is the Hilbert space on A, W{z) is a unitary representation of the 
Heisenberg-Weyl group on L2(A) and U{t) is a unitary representation of 
the evolution operator on L2(A). 

The evolution operator U{t) is defined by 

C/(t)V'(x)= / Kt{x,y)i;{y)dy = ll [ {x„y,)i:^''\y,)dy,. (19) 
The eigenvalue problem for U (t) reads 

U{t)i^ap{x) = x{Eat)i^ap{x), (20) 

where ^q/j are adelic eigenfunctions, = {Eoo, E2, Ep, ...) is corre- 
sponding energy, indices a and /? denote energy levels and their degenera- 
tion. Note that any adelic eigcnfunction has the form 

"ifix) = ^oo{xoo)Yl'^p{xp)Y[n{\xp\p), xeA, (21) 
pes p^s 

where ^'oo G L2{M), '^p G i^2(Qp)- Adelic quantum mechanics takes into 
account also p-adic quantum effects and may be regarded as a starting 
point for construction of a more complete superstring and M-theory. In the 
low-energy limit adelic quantum mechanics becomes ordinary one. 

4. p-Adic path integrals 

A suitable way to calculate propagator in p-adic quantum mechanics is by 
p-adic generalization of Feynman's path integral. For the classical action 
S{x" , t"; x' , t') which is a polynomial quadratic in x" and x' it is well known 
that in ordinary quantum mechanics the Feynman path integral is 
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p-Adic generalization of the Fcynman path integral was suggested in [5] 
and can be written on a p-adie line as 

Kp{xy';x',t') =Jxp(^--^yq =J Xp(^^^ (23) 

In (23) we take h & Q and q,t E Qp. This path integral is elaborated, for the 
first time, for the harmonic oscillator [11]. It was shown that there exists 
the limit 

Kp{x",t";x',t')= lim K^'^^x" ,t";x' ,t') = lim N^''\t",t') 

n— >oo ^ n— ♦oo ^ 
^ f '" I Xp(-j-^S{qi,U;qi-i,U-i)\dqi---dqn-i, (24) 

where Np^\t",t') is the corresponding normalization factor for the har- 
monic oscillator. The subdivision of p-adic time segment to < ti < ■ ■ ■ < 
tn~i < tn is made according to linear order on Qp and | U — for 

every i = 1, 2, • • • , n, when n — > oo. In the similar way we have calculated 
path integrals for: a particle in a constant external field [12], some minisu- 
perspace cosmological models and a relativistic free particle [8], as well as 
for a harmonic oscillator with a time-dependent frequency [12]. 

p-Adic classical mechanics has the same analytic form as in the real 
case. If q{t) = q{t) +y{t) denotes a possible quantum path, with conditions 
y{t') = y(t") = 0, where q{t) is a p-adic classical path with 6S[q] = 0, we 
have the following action for quadratic Lagrangians: 

1 1 r*" / d d \^'^^ 

S[q] = S[q] + ^S'S[q] = S[q] + - J^^ i^y- + y-j L{q, q, t)dt. (25) 

Putting (25) into (23), and using condition 

K*{x", t"; x' , t')Kp{z, t"; x', t')dx = 5p{x" — z), (26) 



/ 



with quadratic expansion of action as well as the general form of the 
normalization factor 

Np{t\t') =\Np{t\t')\^Ap{t\t'), 
we obtain general expression for the propagator (for some details, see [13]) 



1 d'^S 



1 d'^s 



h dx"dx' 



1 



Kp{At'W,t')=\p[--^,] \p[-\-S{x",t";x\t' 



p 



h 

(27) 
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This result exhibits some very important properties. For instance, replacing 
an index p with v in (27) we can write quantum-mechanical amplitude 
K in ordinary and all p-adic cases in the same compact form. It points 
out a generic behaviour of quantum propagation in Archimedean and non- 
Archimedean spaces and emphasizes the fundamental role of the Feynman 
path integral method in quantum theory. Also, considering the most gen- 
eral quadratic p-adic Lagrangian L{x,x,t) = a{t)x'^ + 2b{t)xx + c{t)x^ + 
2d{t)x + 2e{t)x + f{t) with analytic coefficients, wc found a connection [14] 
between these coefficients and the simplest p-adic quantum state r2(|a;|p), 
that is necessary for existence of adelic quantum dynamics. For space-time 
discreteness in adelic models, see [8]. 

It is worth mentioning that this approach can be extended to systems 
with the two, three and more dimensions, and results will be presented else- 
where. The above results are also a starting point for a further elaboration 
of adelic quantum mechanics and for a scmiclassical computation of the 
p-adic path integrals with non-quadratic Lagrangians. 

5. Adelic quantum cosmology 

Adelic quantum cosmology [15] is an application of adelic quantum mechan- 
ics to the universe as a whole. It unifies ordinary and p-adic quantum cos- 
mology. Here, path integral formalism occurs to be quite appropriate tool to 
take integration over both Archimedean and non- Archimedean geometries 
on the equal footing. In this approach we introduce u-adic complex- valued 
cosmological amplitudes by a functional integral 



In practice, it is not possible to deal with full superspace (the space of 
all 3-metrics and matter field configurations). Instead, one exploits minisu- 

perspace (a finite number of coordinates (hij, (!>)). After this simplification, 
u-factors of adelic minisuperspace propagator are given by the relation 



where is an ordinary quantum-mechanical propagator with fixed min- 
isuperspace coordinates q"' and the lapse function N. 

We illustrate adelic quantum cosmology by Bianchi I model {k = 0). 
Using Lorentz metric [16] 





(29) 



= a 




dt^ + a\t)dx^ + b\t)dy^ + c\t)dz^ 



(30) 
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and replacements: 



he + o? 
X = — z — , y 



2 ' ^ 2 
we obtain the corresponding action 



, z = a be, 



Sp[x,y,z] 



1 



dt 



1 ( —y^ 



N 



+ - \N{x + y) 



and equations of motion 



X + AAT^ = 0, y- = 0, z = 0. 



(31) 



(32) 



(33) 



Taking into account conditions x{Q) = x' , y(0) = y', z{0) = z', x{l) = 
x", y{l) = y", z{l) = z" , the quantum transition amplitude can be written 
as 

)C,{x", y", z", N\x', y', z', 0) = ^^^^^Xp {-Six", y" , z" , N\x' , y' , z' , 0)) . 



(34) 

Conditions for the existence of the vacuum state r2(|x|p)il(|j/|p)ri(|2;|p) 
can be calculated from the equality 

Iff ICp{x",y",z",N\x',y',z',0)dx'dy'dz' 

J\x'\p<lJ\y'\p<lJ\z'\p<l 

= ni\x"\pM\y"\p)ni\z"\p), 

and the simplest vacuum state is 

^ rr „ . /VI - / ^i\x\pM\y\pMW, WIp < h \Mp <h p^2, 

^p[x,y,z,l^) - I 1^1^ < 1^ 1^1^ < 2, p = 2. 

(35) 

According to (21) adelic wave function ^{x,t) offers more information 
on a physical system than only its standard part ^'oo(a;,t). In quantum- 
mechanical experiments, as well as in all measurements, numerical results 
belong to the field of rational numbers Q. For the Bianchi I model, as well as 
for any adelic quantum model, according to the usual interpretation of the 
wave function we have to consider |*(x,t)|^ at rational space-time points. 
In the above adelic case we get 

\^{x,y,z,N)\l = \^^ix,y,z,N)\llln{\x\p)n{\y\pn{\z\p) 



_ / \^^{x,y,z,N)\l^ , x,y,zeZ, 
0, x,y,zeQ\: 



(36) 
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Here we used the following properties of the fi-function: Q^(|a;[p) = r2(|.T[p), 
Hp^d^lp) = 1 if a; e Z, and Hp^d^lp) = if x G Q \ Z. Thus, it 
means that positions x, y, z may have only discrete values: x = 0, ±1, ±2, .... 
Since the il-function is invariant under the Fourier transformation, there is 
also discrete momentum space. When system is in some excited state, the 
sharpness of the discrete structure disappears and space demonstrates usual 
continuous properties. It is worth mentioning that a space-time discreteness 
is also noted in the framework of q-deformed quantum mechanics [17]. 



6. p-Adic analysis and q-analysis. The Moyal product 

Some connections between p-adic analysis and quantum deformations has 
been noticed [18] in a variety of cases during the last ten years or so. It 
was shown [19] that the two parameter Sklyanin quantum algebra and its 
generalizations provide a promising connection between the p-adics and 
quantum deformation. A similar connection has been indicated by Mac- 
donald's paper [20] on orthogonal polynomials associated with the root 
systems. In [19] it was also pointed out that elliptic quantum group and 
its generalizations unify the p-adic and real versions of a Lie group (e.g. 
SL(2)). This result is connected with adelic approach and the possibility 
of establishing q-deformed Euler products. 

In some other contexts it has been observed that the Haar measure on 
SUq{2) coincides with the Haar measure on the field of p-adic numbers Qp 
if g = i [21]. Namely, Tomea-Jackson integral in q-analysis 

/ /(x)d,a; = (l-g)^/(g>", (37) 
and the integral in p-adic analysis 

/ f{\x\p)dx = (1 - -) ^ f{p-'')p-\ (38) 
are equal if q = ^, i.e. 

I f{x)di/pX = [ f{\x\p)dx. (39) 

Jo -'|a;|„<l 



In q-analysis there is the following differential operator (related to the 
q-deformed momentum in the coordinate representation [21]) 



(40) 
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In |)-adic analysis, when one eonsiders a complex- valued function /(x) de- 
pending on a p-adic variable x we are not able to use standard definition of 
differentiation. Instead of that it is possible to use Vladimirov's operator 



which in a sense resembles (40). Moreover, there is a potential such that 
the spectrum of the p-adic Schrodinger- like ( diffusion ) equation [22] 



is the same one as in the case of g-deformed oscillator found by Biedenharn 
[23] and Macfarlane [24] for q = 1/p. For more details, see [21]. 

Recently [25], it has been proposed a new pseudo differential operator 
with rational part of p-adic numbers {x}p. In such case, energy levels 
for p-adic free particle exhibit discrete dependence on the correspond- 
ing momentum: {E}p = {k}p. Note also a proposal for q-deformation of 
Vladimirov's operator [26]. 

We see that there are some interesting relations between p-adic and 
q-analysis, and in a sense between adclic quantum mechanics and noncom- 
mutative one. It would be fruitful to find some deeper reasons for these 
connections, between theories which pretend to give us more insights on 
the space-time structure at the Planck scale. By now it is not enough 
understood. It seems to be reasonable to formulate a noncommutative adelic 
quantum mechanics that may connect non-Archimedean and noncommu- 
tative effects and structures. As the first step in this direction one has to 
consider a p-adic and adelic generalization of the Moyal product. 

Let us consider D-dimensional classical space with coordinates x^,x'^, 
■■■,x^. Let f{x) be a classical function f{x) = f{x^,x'^,---,x^). Then, 
with the respect to the Fourier transformations, we have 




(41) 



Dil;{x) + V{\x\p)'iIj{x) = E'(p{x) 



(42) 




(43) 



'-V 




(44) 



According to the usual Weyl quantization 




(45) 



Let us now have two classical functions f{x) and g{x) with 




(46) 
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g{x) = dk Xoo{-kx)g{k). (47) 

In the coordinate representation we can write the same above expressions 
replacing x hj x and extend it to all p-adic cases. 

Now we are interested in product f{x)g{x). In the real case this operator 
product is of the form 

{f.g){x)=J J dkdk' Xoc{-kx)xoo{-k'x)f{k)g{k'). (48) 

Using the Bakcr-Campbell-Hausdorff formula, the relation (1) and then the 
coordinate representation one finds the Moyal product in the form 

(/ * g)ix) = dkdk' xv (-(fc + k')x + \hk'/^^ KkMk'), (49) 

where wc already used our generalization from Q^o to Q„. Note that in the 
real case we use ki — > — (i/27r)((9/3x*) and obtain the well known form 

/ 9^^ d d \ 
if * 9){x) = Xoo [-^(^Q^Q^ J fiy)9{^)\y=^=x- (50) 

Thus, as the p-adic Moyal product we take 

(/ *g)ix)= [ [ dkdk' Xp{-{x'h + x^k'j) + ]-hk'/^)f{k)~g{k'). (51) 

As the first step in adelization one can consider the Moyal product on 
^ ^ Wpes '^p ^ Hp^s space. Various adelic aspects of the Moyal product 
will be presented elsewhere. 
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